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Abstract: A multiple-source approximation system (MSAS) tupleg := (U, {R;}icn), WhereU is a
non-empty set)N an initial segment of the sét of positive integers, and eadty, : € N, is an equivalence
relation on the domai®/. A quantified propositional modal logic LMSAS was defined in [1] in order to
study MSAS. In this paper, we will present an algebraic semantics for LMSAS. Syntax of the logic LMSAS
is given as follows:

There is a (i) a non-empty countable $&tr of variables, (ii) a (possibly empty) countable 6&in of
constants, (iii) a non-empty countable $8f of propositional variables and (iv) the propositional constants
T, L. The setT" of termsof the language is given by ar U Con. Using the standard Boolean logical
connectives- (negation) and\ (conjunction), a unary modal connectiye (possibility) for each term
t € T, and the universal quantifigt, well-formed formulae (wffs) o.M S AS are defined recursively as:
T|Llp|-a|a A Bl{t)a|Vza, wherep € PV, t € T, = € Var, anda, 8 are wifs. The set of all wffs and
closed wffs of LMSAS will be denoted h§ and.F respectively. For a wftx of LM SAS, Con(a) will
denote the set of constants usedvin

Let I' be a set of wffs ofLMSAS. An interpretation forl’ is given by a tripleM := (u, V., 1),
wherey := (U,{R;}ien) iISaMSAS,V : PV — P(U) andI : Con(I') — N. An assignment for an
interpretationM is a mapv : Term(T') — N such that(c) = I(c), for eachc € Con(T).

Thesatisfiabilityin an interpretation\ := (u, V, I') of a wff « of ", under an assignment and at an
objectw of the domairn/, denoted as\, v, w |= « is defined inductively as follows:

M, v,w = (t)a, if and only if there exists)’ in U such thatwR, ,w’ and M, v, w’ = a.

M, v,w = Vza, if and only if for every assignment xz-equivalent tav, M, v’ w [ «a.

« is valid, denoted= «, if and only if M, v, w |= «, for every interpretatioo\ := (p, V, I), assignment
v for M and objectw in the domain ofu.

The following sound and complete deductive system for LMSAS was proposed ih $1dnds for a

terminT.

Axiom schema
(Ax1). All axioms of classical propositional logic.
(AX2). Vza — a(t/x), wherea admits the term for the variabler.
(AX3). V(o — B) — (a — Vz3), where the variable is not free ina.
(Ax4). Vz[tla — [t]Vza, where the termt and variabler are different.
(AX5). [t](ar = B) — ([tla — []).  (AXB). @ — (t)ar
(AXT7). o — [t]{t)a.  (AX8). (t)(thar — (t)av.

Rules of inference

V. «a MP. « N. o
Voo a—f [t]
B

We note that this is different from both propositional quantification of modal logic, and modal predicate
logic.
Next, we present an algebraic semantics for LMSAS. We begin with the following definition.

Definition 1 A BAOs2l := (A,N,~, 1, f;):ea is said to be acomplete BAOgCBAOSs) if it satisfies the
following properties for allX C A:
(Al) N X and X exists; (A2) /X =N /X, k € A.

In this paper, we are interested only in those (complete ) BAOs wheteN and eacly;, satisfies the
following additional conditions:
(BL) fra < frfra; (B2) fra <aand (B3)a < frgra, where g :=~ f5 ~.



So by a (complete) BAOs, we shall mean a (complete) BAQs- (4,N, ~, 1, f;)ica WhereA = N and
eachfy, k € N satisfies the above three additional conditions. The class of all complete BAOs is denoted
by €. We show completeness of LMSAS with respectto

Let2 := (A,N,~, 1, fi):en be a BAO’s. By arassignmenin 2, we mean a functiod : PV — A.
¢ can be extended uniquely, in the standard way, to a meaning furictidh — A where in particular,
0([cila) = fi(0()), ¢ € Nandf(Vza) = N{8(a(cj/x)) : j € N}, provided the g.l.b. exists. We define
0(a) :=0(cl(a)), o € F.

Definition 2 A BAO's2l := (A, N, ~, 1, f;):en is said to be aealization for LMSAS if for every assign-
mentd : PV — A the following is satisfied:

(R1) f(a) exists for alla € F;  (R2) fi[)0(alc;/x)) ﬂ frf(a(cj/z)), wherea has only one free
variablez.

Note that every complete BAOs is a realization for LMSAS.

Let?l := (A,N,~, 1, fi)ien be a BAOs. Then we writd |- o ~ 3 if and only if for every assignment
0:PV — A, 0(a ) 6(3). We simply write€ IF v if 2 IF o ~ T for all A € ¢.

TheLindenbaum algebra& for LMSAS, constructed following the standard technique, turns out to be
a realization for LMSAS. As we are not able to show that the Lindenbaum algebra is a CBAOs, we need to
do some more work in order to get the completeness theorem with respect to CBAOs. Note that we would
achieve our goal if we could embed any LMSAS realization= (A, N, ~, 1, f;);en into some complex
algebra. At this point one may think of the BAOs consisting of all subsets of the set of all ultra-filters of
the BAOs®|, as described in thedbdsson-Tarski Theorem. But the embedding given in this theorem may
not preserve infinite joins and meets. This problem can be overcome if we consider the BAOs consisting of
all subsets of the set of al)-filters [2] instead of ultra-filters. Heré) is a countably infinite collection of
subsets ofd satisfying certain conditions and the embedding obtained in this case preserves all the infinite
joins and meet# ). Since this embedding may not presealieexisting joins and meets, question again
arises whether even this embedding will be able to give us the desired result. The answer is yes. In fact,
for the canonical assignmefit which mapsgp € PV to its equivalence class, the joins and meets shall be
preserved for the se@,, := {0°(a(c;/x)) : j € N}, wherea is a wif which has only one free variable
Thus taking® := {Q. : « has the single free variabig, we get the result.

Theorem 1 Let® := (A,N,~, 1, f;);en be a LMSAS algebra. Then there exists a complex algggra
and an embedding of 2 into Sg such that

ﬂ 0°(alc;/x))) = (r(0°(ale; /).
J
Let us return to the Lindenbaum algeltaThen we have andgg from Theorem 1, and get

Proposition 1 Consider the assignmentin the BAOS,SJQr defined asy(p) := r([p]), p € PV. Then
F(a) =7r([a]) forall a € F.

Proposition 2 (Completeness Theorem)1) € I- « impliesi- « for all o € F.
(2) €IF aimpliesk « for all « € F.

Future work: We have proved completeness of LMSAS with respect to the class of CBAO’s and
LMSAS realization. However, an independent algebraic characterization of the LMSAS realization is yet
to be obtained.
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