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� Compact preference modelling
� Soft constraints 
� CP-nets

� Multi-agent preference aggregation vs. voting 
theory

� Fairness
� Strategy-proofness

� Computational complexity and manipulation
� Stable marriage problems

� Manipulation complexity
� Impact of compact preference modelling
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� Agents declare their preferences over a set of 
objects (possible decisions, solutions of a 
problem, etc.)

� How to model them:
� Unfactored

� E.g. assign utility to each outcome

� Factored
� Large number of outcomes
� Decompose preference function
� Exploit (conditional) independence
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� Quantitative models
� My preference for pizza is 0.8, and for meat is 0.6
� E.g. soft constraints

� Qualitative models
� Ordering relation:

pizza > meat

� E.g. CP nets
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� C-semiring formalism
� Generalizes many others:

� Weighted CSP, Fuzzy CSP

� Preferences are elements from a set (c-semiring)
� Set contains best (1) and worst (0) values
� Combination & comparison operators



���������	�
��
�������������������������
�����������	��������	���������	�����

����#�����

� Combination operator 
� Decompose preference function into parts
� Each constraint gives value to assignment
� Use combination to combine them

� commutative, associative, distributes over +, 1 is unit

� Comparison operator (+)
� A better than B iff A+B=A

� + commutative, associative, idempotent, 0 is unit element, 1 is 
absorbing
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{12 pm, 1 pm} {2 pm, 3 pm}

Lunch Swim

(12 pm, 3 pm) � 1

(12 pm, 2 pm) � 1 (1 pm, 2 pm) � 0

(1 pm , 3 pm) � 1

{Fish, Meat} {White, red}

Main
Course

Wine

(Fish, red) � 0.8

(Fish, white) � 1 (Meat, white) � 0.3

(Meat, red) � 0.7
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Quality of a solution: minimum pref.
Optimal solutions: maximal quality
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� Find an optimal solution
� Difficult
(Ex.: branch and bound + constraint propagation)

� Is t an optimal solution? 
� Difficult 
(we have to find the optimal preference level)

� Is t better than t’?
� Easy: Linear in the number of constraints
(compute the two pref. levels and compare them)



���������	�
��
�������������������������
�����������	��������	���������	�����

�%�����"���* �������&��#����

� Conditional preferences
� If main course is meat, then I prefer red wine to white

� Ceteris paribus
� All other things being equal
� E.g. the type of dessert is not relevant here

� Binary valued in what follows
� Everything usually generalizes easily to multiple valued 

features
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� Simple syntax
� Features: X, Y, Z, …
� Assignment: X=x,Y=-y, Z=z…
� Conditional statement: 

X=x : Y=y > Y=-y
X=-x: Y=-y> Y=y

� Compact qualitative specification of complex preference function
� Exploits independence like Bayesian networks
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� Parent feature
� Condition that preference depends on
� E.g. Main course is a parent feature of Wine in:

Main=meat :  Wine=red > Wine=white

� Defines directed graph
� Nodes = features (wine, dessert, etc.)
� Arcs = parent relationship
� Not necessarily acyclic
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fish>meat

peaches > strawberries

red > 
white

meat

white > 
red

fish

Wine
Main 
course

Main 
course

Fruit

Wine
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� Worsening flip
� Changing value of a feature so that it is less 

preferred in some statement
� E.g.  Main=fish,  Wine=white to 

Main=fish,  Wine=red as 
Main=fish : Wine=white > Wine=red
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� Ordering on outcomes
� A is preferred to B (A>B) iff there is a sequence of 

worsening flips from A to B

� Partial order (preorder)
� A and B can be incomparable 

� Optimal outcomes in CP-nets same as Nash 
equilibria in games [Apt, Rossi, Venable, AMAI, 
2008]
� Flipping one feature in an optimal outcome brings to a 

worse outcome
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fish>meat

peaches > strawberries

red > 
white

meat

white > 
red

fish

Wine
Main 
course

Main 
course

Fruit

Wine

Fish, white, peaches

Fish, red, peaches Fish, white, berries

Fish, red, berries

meat, red, peaches

meat, red, berriesmeat, white, peaches

meat, white, berries

Optimal solution
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� Find an optimal outcome

� In general, difficult (as solving a CSP)
� Acyclic networks always have one

� Sweep forward in linear time
� Does O1 dominate O2?

� Difficult even for acyclic CP nets
� Not even known to be in NP

� Is O optimal?
� Easy (test O against a CSP)
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� There are CP nets whose ordering cannot be 

modelled (in poly time) by a soft CSP 
� Otherwise dominance testing would be easy in 

CP-nets

� There are soft CSPs whose orderings cannot 
be modelled by a CP net
� Not all orderings can be represented by CP nets
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� In both soft constraints and CP-nets, the 
induced ordering can have incomparability
and ties

� In automated multi-agent systems, some 
preferences may be missing
� Too much work for the user
� Privacy reasons 
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� Agents
� Preferences over possible 

decisions
� Incomparability and 

incompleteness
� Large set of possible 

decisions
� Preference aggregation 

� Returning one/more 
decision(s)

� Returning a ranking over 
the possible decisions

� Voters
� Preferences over 

candidates
� Total order and all 

preferences
� Small set of candidates

� Voting rule
� Social choice function
� Social welfare function
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� Many desired properties, impossible to have 
under reasonable conditions

� We focus on two of them:
� Fairness: all agents should have the same 

opportunities (no dictator), consensus should be 
respected

� Strategy-proofness: no agent can vote 
strategically and manipulate the result to get a 
better outcome
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� Agents express their preferences via a total 
or partial order
� Missing order means incomparability, not lack of 

information

� Social welfare rule: from a profile (one partial 
order for each agent) to a partial order
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CA >

~ ~
�
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Agent 1

B

CA >

> ~

Agent 2

B

CA >

~ >

Agent 3

B

CA >

> >
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� Unanimity: if A>B for every agent, then A>B 
in f(p)

� Independence to irrelevant alternatives 
(IIA): the relation  between A and B in f(p) 
depends only on the relation between A and 
B in the agents’ preferences

� No weak dictator : a weak dictator is an 
agent that, no matter what the other agents 
vote, if he says A>B then it cannot be B>A in 
the result

0�������
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� ��� � : set of candidates
� Restricted  PO (RPO): PO over � , where either all 

the top elements or the bottom elements are 
indifferent

� POs (RPOs): set of all profiles over (restricted) 
partial orders over �

� Given a social welfare function 
f:(POs) n��� � RPOs, if there are at least two agents 
and three alternatives, f cannot be at the same 
time
� unanimous 
� IIA  
� with no weak dictators 
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� Given a profile P,  a social choice rule f returns
a subset of the candidates f(p)

Agent 1

B

CA >

> ~

Agent 2

B

CA >

~ >

Agent 3

B

CA >

> >

BA

�

� ����



���������	�
��
�������������������������
�����������	��������	���������	�����

� Weak dictator is an agent that, no matter 
what the other agents vote, one of his top 
candidates wins 

� Given a social choice function f, for every p, 
f(p)� top(pi)  ! � i weak dictator
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� A social choice is strategy-proof if no agent can g et a 
better result by lying on his preferences

� Formally:
� Social choice function f:(POs)n � � (� ) is strategy-proof iff

� for every agent i,
� for every pair of profiles p and p’ differing only for agent i’s

preferences
� for every A $ f(p)-f(p’), for every B $ f(p)� f(p’):

� A>B or A~B in pi

� for every B $ f(p’)-f(p):
� for every A $ f(p), A>B or A~B in pi

� there exists A $ f(p), A>B in pi
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� A social choice function f:(POs)n � � (� )

� At least 2 agents, 3 candidates
� f cannot be at the same time

� strategy proof 
� onto 
� with no weak dictator
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� If strategy-proofness cannot be achieved, at 

least we can hope that it is difficult for the 
manipulator to find out how to manipulate

� Many results for both constructive and 
destructive manipulation
� Constructive manipulation: make a candidate win
� Destructive manipulation: make a candidate loose
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� Manipulation : an agent voting in a tactical 
way in order to get a better result from his 
point of view (e.g., to make a preferred 
candidate win)
� Strategy-proof rule � no manipulation 

� Control : a chair choosing  the rule or some 
parameters of the rule to make his favorite 
candidate win  
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� Incomplete profile: sequence of partial orders
over outcomes, one for every agent, where at 
least one partial order is incomplete

� Both incomparability (~) and incompleteness 
(?)

Agent 1

B

CA ?

> ~

Agent 2

B

CA >

~ >

Agent 3

B

CA >

> >
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� � : set of alternatives
� POs: set of partial orders over �
� IPOs: set of incomplete partial orders over �

� (IPOs)n :set of incomplete profiles with n agents

� � (POs): power set of POs
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Agent 1

B

CA ?

> ~

Agent 2

B

CA >

~ >

Agent 3

B

CA >

>

>

�+���+��(� �--+�-�*��� �.�(*���/
�0�)��� 1�*�
��+�*�
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Pareto: POs� PO
•A>B iff A>B  or A=B for
all agents, and A>B for at 
least one

•A~B otherwise

B

CA
~

~~

>

B

CA

~~
B

CA >

~ >
B

CA >

> >

> CA

> ~
B

B

CA >

~ >
B

CA >

> >

4
CA

> ~
B
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� Necessary winners (NW)
� alternatives which are maximal in every completion
� winners no matter how incompleteness is resolved

� Possible winners (PW)
� alternatives which are maximal in at least one of the 

completions
� winners in at least one way in which incompleteness is resolved
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Agent 1

B

CA ?

> ~

Agent 2

B

CA >

~ >

Agent 3

B

CA >

> >

B

CA >

~~
B

CA >

~ >
B

CA >

> >

B

CA >

~ >
B

CA >

> >
B

CA
~

~~

> CA

> ~

~

B

CA

> ~

NW={A,B}
PW={A,B,C}
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� If there is a NW � ineffective manipulation and 
control

� Manipulation or control can only make a PW win
� Testing PW hard � manipulation and control hard
� Testing PW easy � we don’t know about 

manipulation complexity
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� Computing PW and NW is NP-hard
(even restricting to incomplete TOs)
� deciding if an outcome is

� a possible winner: NP-complete
� a necessary winner: coNP-complete

� proof for STV
� Computing good approximations of PW and NW 

sets is NP-hard
� given k integer >1, 
� NP-hard to return a superset PW* s.t. |PW*| < k |PW|
� NP-hard to return a subset NW* s.t. |NW| 1/k <|NW*|
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� Graph where

� nodes = candidates
� all arcs
� label of arc A-B: 

� set of all relations 
between A and B in at 
least one result

C>, ~

~
B

A

~

B

CA

~~

>

B

CA

~~

��
.�*
��
.�*
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.�*
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.�*
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� Given the combined result, PW and NW are 
easy to find
� A in NW if no arc (A-B) with B>A
� A in PW if all arcs (A-B) with B>A contain also

other labels
� However, computing the combined result is

in general NP-hard
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� If f is IIA and monotonic
� we can compute an upper approximation (cr*) in 

polynomial time
� Also, given cr*, polynomial to compute PW and NW

� algorithm not affected by approximation

� IIA: when rel(A,B) in the result depends only
by rel(A,B) given by the agents

� Monotonic : when we improve an outcome in 
a profile (for ex. we pass from A>B to A=B ), 
then it improves also in the result
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� Obtained by:
� Considering two profile completions: 

� (A?B) replaced with (A>B) for every agent
� (A?B) replaced with (A<B) for every agent
� Two results: (A r1 B) and (A r2 B)

� In cr*, put (A r B) where r is {r1,r2,everything between 
them}

� Order of relations: <, = and � , > 
� f is IIA and monotonic � cr* upper approx.of cr
� Approximation only on arcs with all four labels

� involves only = and ����
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� Bad news for manipulation complexity: it 
could be easy

� Good news for preference elicitation: 
elicitation can stop when PW=NW � easy to 
find this out
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� A voting rule is strategy-proof if agents always get 
better off by being sincere (= voting via the true 
preference ordering)

� Preferences and ballots may have a different 
language
� An agent may have a total order, or a partial order
� The ballot may be a total order (Borda), or a set (approval), 

or one candidate (plurality)
� Typical in dynamic and automated multi-agent 

settings
� It ballot language more restrictive than preference 

language, it is impossible to be sincere!

[U. Endriss, M. Pini, F. Rossi, K.B. Venable, T.R. 2008] 
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� Plurality:

� Each voter votes for one candidate
� The candidate receiving the most votes wins

� Borda:
� Each voter submits a complete ranking of all candidates; 

each candidate receives m-i points if it is ranked i
� The candidates receiving the most points wins

� Approval:
� Each voter submits a set of candidates (the ones he 

approves of)
� The candidate receiving the most approvals wins
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� Minimal sincerity: no contradiction on ordered 
pairs

� Qualitative sincerity: minimal + maximal 
agreement between preferences and ballot 
(w.r.t. set inclusion)

� Quantitative sincerity: minimal + maximal 
agreement (w.r.t. number of agreements)
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� Qual. sinc. � Quant. sinc. � Min. sinc.
� If ballot language less restricted than 

preference language, the only way to be qual. 
and quant. sincere is the true preference 
ordering
� Minimal sincerity weaker: it also allows to say less 

than the complete truth
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� A social choice rule is generalized strategy 
proof iff: no voter will ever do worse by voting 
sincerely, at least for one sincere ballot

� Formally: for all voters i, for all ballot vectors 
b, there exists a ballot b’ in which voter i 
votes sincerely such that f(b’) is not worse 
than f(b) for voter i
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� For 2-level preferences, Borda, approval, 
plurality are all strategy proof w.r.t. minimal 
and quantitative sincerity, for all ballot 
language

� Approval is strategy proof w.r.t. qualitative 
sincerity, for any preference language
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� Strategy proofness does not assure that 
voters will vote sincerely
� If it is difficult to find a sincere ballot, then voters 

will probably vote insincerely

� For 2-level preferences, it is easy for Borda, 
plurality, and approval to find a sincere ballot 
w.r.t. minimal, qualitative, and quantitative 
sincerity

� For approval, it is easy to find a sincere ballot 
w.r.t. both minimal and qualitative sincerity
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� 2n agents, n men and n women
� Each agent expresses his preferences over 

the members of the other gender
� Problem: find a matching between men and 

women which is stable
� Stability: no man and woman prefer each other 

more than their partners

� Many applications: assigning residents to 
hospitals, primary school students to 
secondary schools, sailors to ships, etc.
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� A stable marriage always exists!
� It can be found in 0(n2) time (Gale-Shapley algorithm)

� Each unengaged man proposes to the (next) best woman until 
one accepts

� Women receive proposals and accept them if they are 
unengaged or if the new proposal is better than the current 
partner

� At the end:
� Everybody is married
� The marriage is stable
� It is male-optimal: every man is married to the most preferred 

woman he can be married to in any stable marriage
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� m1: w1>w2>w3
� m2: w2>w1>w3
� m3: w3>w2>w1
� w1:m1>m2>m3
� w2: m3>m1>m2
� w3: m2>m1>m3

� Male-optimal: (m1,w1),(m2,w2),(m3,w3)
� Female-optimal: (w1,m1),(w2,m3),(w3,m2)
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� Any stable marriage procedure is 
manipulable [Roth ’82]

� The Gale-Shapley algorithm is easy to 
manipulate [Teo,Sethuraman, Tan, 2001]
� For a woman: move the male-optimal partner to 

the far end of the preference list



���������	�
��
�������������������������
�����������	��������	���������	�����

����� ��,����'�!���������)�������� ���
� There are stable marriage procedures that are 

difficult to manipulate 
� we can define a procedure which is easy to apply but 

difficult to manipulate � the manipulator needs to solve an 
NP-complete problem to find how to manipulate

� we can define a procedure that chooses between stable
marriages according to the the preferences of the most
preferred men or women; we will pick the stable marriage
that is most preferred by the most popular men and 
women. Given a voting rule, we order the men using the 
women’s preferences and order the women using the 
men’s preferences. If the voting rule is STV, we can prove 
the procedure is difficult to manipulate.

[Pini, Rossi, Venable, Walsh, AAMAS 2009]
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� Stable marriage procedures assume each 
person provides an explicit complete total 
order over the members of the other gender

� If n is large, this is not reasonable
� People prefer to rank the others in a compact 

way
� Can we use CP-nets or soft constraints? If 

so, what is the impact of the SM procedures?
[Pilotto, Rossi, Venable, Walsh, T.R. 2009]
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� One CP-net for each man and each woman
� If n men and women, f features for each CP-

net, where f = log n
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� The Gale-Shapley algorithm needs three 
operations
� Opt: find the optimal woman (first proposal)
� Next: find the next best woman (next proposal)
� Compare: compare two proposals (for women)

� In CP-nets, we know that
� Opt is difficult, but easy for acyclic CP-nets
� Compare is difficult also for acyclic CP-nets
� Nothing about Next
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� Opt is easy: O(f), f number of features of the CP-net
� For Next and Compare:

� We compute them on a linearization of the CP-net preorder
� We associate a Boolean vector to each variable assignment, 

and we order them lexicographically
� Assignments ordered in the preorder are also ordered, in the 

same way, in the linearization
� Some incomparable assignments become ordered
� Both easy to compute: O(f)

� Gale-Shapley with CP-nets
� O(n2 log n): each step needs an additional O(log n) for a 

Next, and possibly a Compare, operation
� The resulting marriage is stable
� It may be not male-optimal (but there could be none)



���������	�
��
�������������������������
�����������	��������	���������	�����

)�!����������������������2����)�����'�
��������#
� Opt is difficult in general, easy for tractable 

classes (like trees)
� Compare is easy, if + and x are easy to 

compute
� What about Next?

� NP-hard for soft constraints (reduction for SAT)
� We don’t know if it is difficult for trees or other 

tractable classes
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� Voting theory can help studying and 

dealing with multi-agent systems
� Needs to be adapted to the new scenario

� Incompleteness
� Incomparability
� Compact preference modelling
� Possibly different preference and ballot 

languages
� Computational complexity issues 

� On-going work
� Incompleteness in compact preference 

modelling
� Vagueness and imprecision in the preferences
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� Incompleteness in compact preference 
modelling

� Vagueness and imprecision in the preferences

� Local search algorithms to find gender- neutral 
stable models

� Generalized strategy-proof: more voting rules


