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There is a generally held intuition that the more we have seen
something in the past the more likely we are to see it in the
future.

Why this should be and also the problem of quantifying this
effect has long been studied by Philosophers under the name
of ‘Induction’.
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One particular approach developed by W. E. Johnson in the
1920’s and R. Carnap et al in the 1940-50s involved studying
it within the formal framework of 1st order logic and as such
became known as Inductive Logic.

They aimed to postulate rational (or logical) principles of
belief formation and investigate their consequences for this
and various related questions.

The holy grail here would be to uncover such principles which
were generally acceptable and uniquely determine, by purely
logical considerations, how to quantify one’s beliefs on the
basis of one’s knowledge.
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Framework An agent inhabits a world in which there are just
countably many individuals a1, a2, a3, . . ., finitely many
properties or relations R1,R2, . . . ,Rk and no functions nor
equality.

The agent has no further knowledge of his environment and is
required to assign probabilities Pr(θ) to sentences θ of this
language (i.e. the language consisting of constants ai and
predicates Rj) ‘rationally’.

Here ‘rationally’ is interpreted as requiring the probability
function Pr to satisfy certain properties or principles
corresponding to our notion of this term.
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In this context the above ‘general intuition’ might be captured
as follows:

Suppose our agent has ‘seen’ a1, a2, . . . , an in the sense of
learning whether or not Rj(ai1 , ai2 , . . . , aim) holds for each of
the relations Rj and each 1 ≤ i1, i2, . . . , im ≤ n. [Call the
conjunction of such a set of literals a state description.]

At this point certain of the the ai may be indistinguishable
from each other. Clearly indistinguishability is an equivalence
relations, call its equivalence classes indistinguishability
classes.
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Then the following version IR of Instantial Relevance should
hold:

If there are more amongst the a1, · · · , an indistinguishable
from ai than there are indistinguishable from aj then at least
as much probability should be given to an+1 also being
indistinguishable from ai as is given to it being
indistinguishable from aj .
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For example, if there is just one binary relation symbol R, a
state description for four individuals may be represented by a
4× 4 matrix with entries 0,1. Below is such a matrix.

1 1 1 0

1 1 1 1

1 1 1 0

1 0 1 1

Here, 1 or 0 at (i , j)th place means that R(ai , aj) does or does
not hold respectively. IR states that the it is more probable
that a5 will be like a1 (and a3) then like either of a2 and a4.

Alena Vencovska Instantial Relevance



What we would like are rational principles of probability
assignment which force (and in a sense explain) this inequality.

Of course we could simply postulate this as a principle. But
that would be unsatisfactory as it would provide no form of
explanation.
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Carnap et al considered related questions to this in the
(simple) case where the language is entirely unary – ‘simple’
because present ‘indistinguishabilty’ cannot be negated by
future knowledge.

One principle implied by those endorsed by Johnson and
Carnap was

Atom Exchangeability (Unary case) The probability of a
state description depends only on the sizes of its
indistiguishability classes.

Theorem (Paris, Waterhouse) In the unary case, Atom
Exchangeability implies IR.
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The (shortest) proof uses two other classical theorems:

De Finetti’s Representation Theorem, which implies that all
probability functions satisfying Atom Exchangeability are
mixtures of a family of some particularly simple probability
functions satisfying Atom Exchangeability,

Muirhead’s Theorem, which in its simplest form says that if we
define for 0 < a, b ∈ R, n,m ∈ N,

Q(m, n) = anbm + ambn

then m < n implies

Q(m + 1, n) ≤ Q(m, n + 1).
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This raises the question of what the situation is in the
non-unary, i.e. polyadic case.

In this case the direct analog of Atom Exchangeability is
called Spectrum Exchangeability (same definition, just
different language)
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Returning to our example with one binary relation symbol, the
state descriptions represented by matrices

1 1 1 0 1 1 0 1

1 1 1 1 1 1 0 1

1 1 1 0 0 0 0 1

1 0 1 1 1 1 0 1

should by Spectrum Exchangeability, get the same probability.
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To replicate the proof for the unary case requires to have, in
the first place, a de Finetti style Representation Theorem for
probability functions satisfying Spectrum Exchangeability

Probability functions satisfying Spectrum Exchangeability
need two types de Finetti style Representation Theorems.
This contribution concerns one of them, valid for Language
Invariant probability functions.
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A Language Invariant family of probability functions is a
consistent collection of probability functions PrL satisfying
Spectrum Exchangeability, one for each finite set of predicates
L = {R1, · · ·Rk}. By ’consistent’ we mean that the restriction
of any PrL to a smaller set of predicates coincides with the
appropriate member of the family.

A probability function Pr is Language Invariant if it is a
member of a Language Invariant family. Note that the above
definition implies that Pr also satisfies Spectrum
Exchangeability.
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There is a de Finetti style Representation Theorem for
Language Invariant probability functions: any such probability
function is a mixture of some particularly simple Language
Invariant probability functions.

No time to explain the nature of these ’particularly simple’
functions, but the paper shows that they satisfy IR provided
the following generalization of Muirhead Theorem holds:
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Let X be a finite set of positive real numbers, n,m ∈ N and
define

Q(m, n) =
∑

S∪T=X
S∩T=∅

∑
p∈S

p

2m ∑
q∈T

q

2n

where the 2 in

∑
p∈S

p

2m

indicates that we take only those

terms from the expansion of

∑
p∈S

p

m

which contain each

element of S to a non-zero power etc., then m < n implies

Q(m + 1, n) ≤ Q(m, n + 1).
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After much effort, we have proved the generalization of
Muirhead theorem, so in virtue of the representation theorem,
all Language Invariant probability functions also satisfy IR.
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An Example. Given (only) that

R(a1, a2),R(a2, a1),¬R(a2, a3)

which should one rationally think the more probable, R(a3, a2)
or ¬R(a3, a2) ?
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